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A combination of analytical and numerical work is done to analyze bifurcation of
limit cycles from non-Hamiltonian codimension-three quadratic centers. The wind-
ing curve C of cyclicity-three separatrix cycles, qualitatively located in earlier3
 .  .  .work, is determined numerically. Evidence is given that the 2,2 , 3,2 , and 3,3
configurations of limit cycles do not bifurcate from this class of quadratic centers.
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INTRODUCTION
Although it is now known that but finitely many limit cycles can appear
in the phase portrait of a two-dimensional system of ordinary differential
w xequations whose right-hand sides are polynomials 5 , it is not known if
 .there exists a uniform bound H n , as called for in Hilbert's Sixteenth
w xProblem 4 , on the number of limit cycles of all such systems of degree n.
 .  . w xEven for quadratics n s 2 one has at best that, if it exists, H 2 G 4 7 .
One place to look for large numbers of limit cycles is in their creation by
bifurcation from a system possessing one or more centers. In applying this
strategy within the class of quadratics, the class QNH of non-Hamiltonian,3
codimension-three centers is a natural starting point, since it contains
systems having two centers, each of which has a period annulus whose
closure has cyclicity three, i.e., for each center there is a quadratic
perturbation causing three limit cycles to bifurcate from the closure of that
center's period annulus. ``Codimension three'' means that the set of
parameter values corresponding to these systems is a set of codimension
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w xthree in the twelve-dimensional parameter space of all quadratics. See 9
. w xfor more on these systems. In 6 , regions in parameter space were
analytically located for this class of centers corresponding to systems for
which at least three limit cycles could certainly be bifurcated. This paper is
a continuation of that study, focusing primarily on a numerical study of the
integrals which determine the number of limit cycles which persist from
the period annuli. The goal is two-fold. First it is shown how the integrals
can be used to determine the bifurcation diagram after perturbation,
specifically by locating the bifurcation sets for multiple limit cycles and for
separatrix cycles. In general these bifurcation sets are difficult to deter-
mine even numerically, but our aim is to show that in the center perturba-
tion these sets are a natural starting point for the investigation of the
number of limit cycles. Also, this approach can be used to study higher
order phenomena which are not described by such integrals, but whose
characteristics can be shown numerically if the parameters in the unper-
turbed system are varied as well. For example, the numerical study shows
that the bifurcation of limit cycles from the hyperbola bounding the period
annuli in the unperturbed system resembles the well known mechanism for
the creation of three limit cycles in the Andronov]Hopf bifurcation from a
third-order weak focus.
The second goal of this paper is to investigate numerically whether it is
possible to create more than four limit cycles within the class of quadratic
systems from the center case under consideration. By comparing the
bifurcation sets for semistable limit cycles surrounding the two different
antisaddles after perturbation, numerical computations indicate a negative
answer.
1. PRELIMINARIES
Systems in the class QNH of non-Hamiltonian, codimension-three quad-3
ratic centers can be placed in the canonical form x s yy q ax2 q by2,Ç
 .y s x 1 y 2 y . From the point of view of maximizing the number of limitÇ
cycles generated from such a system according to the strategy outlined in
the Introduction, the only region in parameter space of interest is that
corresponding to systems having two centers, each of whose period annuli
w xis bounded by one branch of an invariant hyperbola 6 . Thus we hence-
forth restrict our study to the systems:
x s yy q ax2 q by2Ç 2a, b g Rs a, b g R N a - y2, 0 - b - 2 . 4 .  . y s x 1 y 2 y , .Ç
1.1 .
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1 1  .After a translation y s y y , the invariant line y s of system 1.1 is1 2 2
 .brought onto the x-axis. The integral of 1.1 reads, in the new variables
 .x, y :1
b b y 1 b y 2a 2 2< <h s H x , y s y x q y q y q . .1 1 1 1 /  /  /a q 2 a q 1 4a
1.2 .
1 y1 .  .  .To each h in the interval h* [ H 0, y - h - 0, G h [ H h is a2
 .periodic solution in the unperturbed system 1.1 which surrounds the
 y1origin. For the other period annulus the interval for h is h** [ H 0, b y
1 . - h - 0. The two limits h ª h* and h ª 0 correspond to the bound-2
 .aries of the period annulus surrounding the origin in 1.1 , the center itself
 .on the inside and a branch of the hyperbola 1.2 on the outside,hs0
respectively. On the Poincare sphere the two period annuli lie inside twoÂ
heteroclinic connections through two saddles at infinity.
Since the parameter space of quadratic systems in which limit cycles can
appear has dimension five under the action of affine transformations,
 .systems 1.1 can be thought of as corresponding to a two-dimensional
manifold in this parameter space, so that three parameters suffice to
 .describe the whole bifurcation pattern. For fixed a, b it is sufficient to
 .consider perturbations with three small parameters d , l, m in parameter
space:
x s yy q ax2 q by2 q d e x q m e xy .  .Ç
1.3 .
y s x 1 y 2 y q l e x 2 . .  .Ç
In this paper we consider bifurcations from the period annulus. This
 .means that a, b will be taken fixed and d , l, and m will be taken to be
linear in a small parameter e . Information is thus possibly lost concerning
bifurcations in directions tangent to the two-dimensional manifold of
centers in the full five-dimensional parameter space but only in those
w xdirections, which are not important for the present study; see 6 about
.these exceptional cases . Since the parameter e takes arbitrarily small
 .  .values, the parameter l e can be eliminated by setting l e ' e . The1
only information lost by doing so is the situation in which l s 0; but then
 .the system 1.3 has an invariant line, and hence has at most one limit
w xcycle 3 . Dropping the subscript in e , the systems under study then are1
x s yy q ax2 q by2 q ed x q em xyÇ
2 y s x 1 y 2 y q e x , .Ç
0 - e < 1, a, b g R, m , d g R2 . 1.4 .  .  .
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 .Thus we consider a two-dimensional parameter space m, d correspond-
ing to the perturbed system, and in this plane we investigate the bifurca-
tion sets corresponding to the creation and destruction of limit cycles. It is
w x  .shown in 6 that the bifurcation of limit cycles from periodic orbits in 1.1
  . .is governed by the zeros of the integral reverting to x, y coordinates :1
m
I h s d q I h q mI h q I h , 1.5 .  .  .  .  .1 2 3 /2
where
q .y h ay11I h s 2 G y , h yy dy’ .  .  .H1 1 1 1y .y h1
q .y h a1I h s y2 G y , h yy dy’ .  .  .H2 1 1 1y .y h1 1.6 .
q2 1 y a . 3 .y h ay21I h s G y , h yy dy’ .  .  .H  /3 1 1 1y3  .y h1
and
b b y 1 b y 2ya 2G y , h s h yy y y q y q . .  .1 1 1 1 /  /  /a q 2 a q 1 4a
 .These are the integrals corresponding to perturbations 1.4 . For fixed h, a
 .zero of I h generally signals creation of a limit cycle from the periodic
 .  .orbit G h corresponding to this value of h in 1.2 . The limits of integra-
q . y .tion y h and y h are the two intersections of the periodic orbits with1 1
 .the y-axis, determined implicitly by G y , h s 0.1
2. STRUCTURE OF BIFURCATION SETS
 .  .The bifurcation set of 1.4 is investigated in the m, d plane introduced
in the previous section. In this section we concentrate on the limit cycles
 .  .created from the period annulus surrounding O 0, 0 in 1.1 .
w x  .  .PROPOSITION 2.1 6 . For fixed a, b , the bifurcation set in the m, d
plane corresponding to the creation or destruction of limit cycles surrounding
 .  .O 0, 0 in 1.4 consists of three parts:
 .1 a straight line, corresponding to a heteroclinic separatrix cycle join-
ing two saddlepoints on the line at infinity, which cycle is composed of a
 .branch of the hyperbola 1.2 and a portion of the line at infinity;hs0
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 .2 a straight line, corresponding to a weak focus, created from the
 .  .center O 0, 0 in 1.1 ; and
 .  .  .   .  ..3 a connected cur¨ e s h s m, d s g h , f h , h* - h - 0,
corresponding to a semistable limit cycle, created from the periodic orbit at
 .  .le¨el H s h in 1.1 . The components of s h are:
I X I y I I X1 3 1 3
g h s g h s .  .  .a , b X XI I y I I1 2 1 2
2.1 .
X X X X1I I y I I q I I y I I .2 3 2 3 1 3 1 32
f h s f h s , .  .  .a , b X XI I y I I1 2 1 2
 .  .  .  .where I h , I h , and I h are defined by 1.6 , and the prime denotes1 2 3
differentiation with respect to h.
 .What is meant here is that, in case 3 for example, the curve picks out
choices of m and d yielding the direction of approach of the manifold of
 .semistable limit cycles to the manifold of centers at a, b . An explicit
 .expression for the line of Proposition 2.1 1 is obtained by letting h ª 0 in
 .  w x.1.5 . The limit may be brought inside the integral see 6 , yielding:
1d q m I 0 q mI 0 q I 0 s 0. 2.2 .  .  .  . . 1 2 32
 .  .  .  .The three integrals I 0 , I 0 , and I 0 in 2.2 are integrals over a1 2 3
 .branch of the hyperbola 1.2 . The possibility of explicitly evaluatinghs0
 .2.2 is discussed at the end of this section. The fact that the bifurcation of
 .separatrix cycles in the m, d plane is represented by a straight line is due
to the transversal intersection of the codimension-one manifold of separa-
 .trix cycles with the manifold of centers, defined by 1.1 , in the five-dimen-
 .  w x.  .sional parameter space of 1.3 Proposition 1.6 of 6 . In fact, the m, d
plane displays the directions of approach in the five-dimensional parame-
ter space of the three types of bifurcation sets described in Proposition 2.1.
 .  .The integrals 1.5 therefore determine through 2.2 the direction of
bifurcation of separatrix cycles. However, the exact number of limit cycles
bifurcated from the hyperbola does not follow necessarily from these
integrals. Our approach for studying the perturbation from periodic orbits
gives only a lower bound in this situation, but we conjecture that this is the
upper bound as well.
 .The bifurcation line in Proposition 2.1 2 is determined by taking the
 .limit h ª h* in 1.5 . However, since we already know that the weak focus
manifold in parameter space is d s 0, we can skip this calculation. For-
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mally, this line corresponds to the direction in which a perturbation from
 .  .the center O 0, 0 takes place cf. the previous paragraph . According to
w xthe work of Bautin 2 the number of limit cycles created from the center
itself is governed by the so-called focal values, which determine the
stability of the weak focus after perturbation:
w x  .  .  . PROPOSITION 2.2 6 . In system 1.4 , if m ) 2 a y 1 r a q b resp.,ds0
 .  ..  .  .m - 2 a y 1 r a q b , then O 0, 0 is a stable resp., unstable weak focus
 .  . of order 1. If m s 2 a y 1 r a q b and 3a q 5b q 2 - 0 resp., 3a q
.  .  .5b q 2 ) 0 , then O 0, 0 is a stable resp., unstable weak focus of order 2.
 .  .  .If m s 2 a y 1 r a q b and 3a q 5b q 2 s 0, then O 0, 0 is an un-
stable weak focus of order 3.
The stability and order of the weak focus, as given in Proposition 2.2,
are sufficient for finding the exact number of limit cycles after perturba-
 .tion, as created from the center O 0, 0 . From Proposition 2.2 it follows
 .  .that, for all a, b in R, after perturbation in the m, d plane a semistable
 .limit cycle bifurcation curve given by Proposition 2.1 approaches the
 .   .  . .point m, d s 2 a y 1 r a q b , 0 .
If 3a q 5b q 2 s 0, a similar picture appears at the third order weak
focus. Three limit cycles can be created from this weak focus, but only two
 .  w x.for fixed a, b see 6 . This is because higher order contributions in e are
w xneeded to create the third limit cycle. It is similarly true 6 that a multiple
limit cycle of order three can be created by changing a and b as well as e ,
m, and d . This mechanism for the weak focus is well understood, and for
 .the separatrix cycle a similar mechanism is expected see the Introduction .
 .  .Regarding Propostion 2.1 3 , wherever g 9 h is zero the bifurcation
curve has a cusp-like turning point, which corresponds to a multiple limit
w xcycle of odd order G3 6 . In order to prove that at most three limit cycles
 .are created from the periodic orbits surrounding the origin in 1.1 , it is
 .sufficient to prove that at most one cusp exists in the curve 2.1 . This
complicated question is beyond the scope of this paper but see the
.discussion in the paragraph above Conjecture 3.1.
The limits h ª 0 and h ª h* yield the endpoints of the curve defined
 .  .by 2.1 . Obviously these two endpoints in the m, d plane correspond to
situations in which a semistable limit cycle can be created from the
 .  .hyperbola 1.2 and from the center O 0, 0 , respectively. The latterhs0
case is of course the previously discussed second-order weak focus point
 .   .  . .m, d s 2 a y 1 r a q b , 0 . The former should correspond to a sepa-
 .ratrix cycle of order at least 2. Therefore this point lies on the line 2.2 . In
w x  .6 the extra condition needed to define the endpoint of the curve 2.1 is
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 .  .found to be m s b a y 1 r a q 2 . We conclude:
 .   .  ..PROPOSITION 2.3. The bifurcation cur¨e s h s g h , f h for
 .semistable limit cycles, gi¨ en in 2.1 , satisfies
2 a y 1 .
lim g h , f h s , 0 .  . .  /a q bhx h*
lim g h , f h 2.3 .  .  . .
h­0
1b a y 1 I 0 q b a y 1 r a q 2 I 0 q I 0 .  .  .  .  .  . .  .3 2 12s , y . /a q 2 I 0 .1
Propositions 2.1, 2.2, and 2.3 provide the tools for drawing the bifurca-
 .tion diagram in m, d space. As an example, we give in Fig. 2.1 the
 .bifurcation diagram for a particular pair a, b for which a multiple limit
cycle of order three occurs. This picture was obtained by a numerical
calculation of the integrals appearing in the expression defining the
 .bifurcation curve s h in Proposition 2.1. The numerical calculation was
simplified by setting u s 1ry in these integrals, which resolved some1
FIGURE 2.1
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’ .problems with the limit h­0 in which case y tends to infinity . The 1r ?1
singularities in some of the integrands were resolved by means of an
integration by parts details of which may be found in the proof of
w x.Proposition 2.2 of 6 , again in order to obtain an optimal framework for
the numerical calculation.
It seems that, as is the case with the semistable limit cycle bifurcation
 .  .curve given in 2.1 , the bifurcation curve for separatrix cycles 2.2 cannot
be explicitly given in all cases. This is in contrast with other center
bifurcations, such as the Bogdanov]Takens bifurcation after a blowing up.
 .To show the complicated nature of the integrals 1.5 , it is instructive to
 .  .  .investigate the explicit evaluation of the quantities I 0 , I 0 , and I 0 in1 2 3
 .  .2.2 . For h s 0, G y , 0 is now a quadratic polynomial vanishing at two1
 .points r and r of opposite sign, say r - 0 - r, and in 1.6 the integrationÄ Ä
is from negative infinity to r. To express these integrals in terms of
familiar special functions, we make the substitution x s rry, obtaining
I 0 s d ? F y2 y a .  .1 1
I 0 s d ? F y3 y a .  .2 2 2.4 .
I 0 s d ? F y3 y a q d ? F y2 y a q d ? F y1 y a , .  .  .  .3 3a 3b 3g
for
1 u’F u s x 1 y x 1 q kx dx , .  .  .H
0
where
P b a y 1 .
d s , d s yP , d s P ,1 2 3a2 3 a q 2 .
a y 1 b y 1 2 y b 1 y a .  .  .  .
d s P , d s P ,3b 3gy6 a q 1 48a .
and where
’b y 1 r a q 1 q D .  .
k s ’1 y b r a q 1 q D .  .
21 y b b 2 y b yb .
aq3D s q P s 2 .( /a q 1 a a q 2 a q 2 .
D is the discriminant of G, hence is positive; k is the negative reciprocal
 .of the image of the second root of G y , 0 under the change of variable1
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 .above, hence is positive and of the form shown. For a, b g R, the
 .exponent u in F u is larger than y1, so the integrals are convergent.
1 uw . .x3r2Using the linearity of the integral to split H x 1 y x 1 q kx dx0
into a sum of three integrals on the one hand, while integrating it by parts
on the other, yields the recurrence relation
2k u q 4 F u q 2 s 2 u q 1 F u q k y 1 2u q 5 F u q 1 . .  .  .  .  .  .  .
2.5 .
 .  .  .  .The integrals F y1 y a , F y2 y a , and F y3 y a in 2.4 occur in a
 .linear fashion in expression 2.2 , defining the bifurcation line for separa-
 .  .trix cycles in the m, d plane. By 2.5 one of the three integrals can be
expressed in terms of the other two, but this is not sufficient to get an
explicit expression for the bifurcation line. There is one exception to this
situation. Consider a g Z, a - 2. After repeated application of recurrence
 .  .  .  .relation 2.5 , the integrals F y1 y a , F y2 y a , and F y3 y a can
 .  .be expressed in terms of the two integrals F 0 and F 1 . Then the identity
2 1 2’y s 1 q k y 1 x y kx k y 1 y 2kx dx .  . .H3 0
s k y 1 F 0 y 2kF 1 .  .  .
yields
22kF 1 s q k y 1 F 0 , 2.6 .  .  .  .3
 .  .  .  .expressing F 1 in terms of F 0 . Hence, all three integrals I 0 , I 0 ,1 2
 .  .and I 0 can be written in terms of F 0 , which can be evaluated in3
closed form, so that the bifurcation line for the separatrix cycle can be
written down explicitly in terms of elementary functions of a and b. We
summarize:
 .PROPOSITION 2.4. If a, b g R and a g Z, then the separatrix cycle
 .bifurcation line defined by 2.2 can be e¨aluated explicitly in terms of
elementary functions of a and b, by means of the use of recurrence relations
 .  .2.5 and 2.6 .
 .  .Remark. If b s 1, then k s 1 in 2.4 , and the integral F u can be
 .  . .written in terms of the beta function as F u s B u q 1 r2, 3r2 r2.
 .  .  .Repeated application of the identity B p q 1, q s pB p, q r p q q and
 .its symmetric counterpart reduces 2.2 to
1 1 1 1c B q , q c B q q , s 0, q g 0, , 2.7  . .  .1 22 2 2 2
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where c and c are explicit expressions in a, b, m, and d , and q depends1 2
 .on a. The single case in which explicit evaluation of 2.7 is possible,
1q s , corresponds to integer values of a. Otherwise, the integrals cannot2
be explicitly evaluated or expressed in terms of one another, so the case
a g Z treated in Proposition 2.4 is probably the only one for which an
 .explicit expression for the separatrix cycle bifurcation line defined by 2.2
can be obtained.
 .3. CYCLICITY-THREE CYCLES IN SYSTEM 1.1
The important part of the bifurcation diagram, as described in Proposi-
 .tion 2.1, is the curve s h which determines the bifurcation of semistable
limit cycles from the periodic orbits. As mentioned in the discussion of
 .Proposition 2.1 3 , a cusp point in this curve corresponds to a situation
w xwith a multiple limit cycle of odd order at least 3. In 6 it was proved that,
 .for a, b g R, a sufficient condition for a cusp to appear is
3a q 5b q 2 - 0 3.1a .
a q b q 2 G 0. 3.1b .
 .Condition 3.1 corresponds to the shaded region indicated in Fig. 3.1.
Figure 2.1 above illustrates a numerical computation showing that the cusp
 .  .  .in s h still exists for the pair a, b s y3, 1 , which lies on the boundary
 .of the subset of R described by 3.1 . The purpose of this section is to
investigate numerically how far this shaded region extends, i.e., to investi-
 .gate for which a, b values the perturbed system can have a multiple limit
FIGURE 3.1
SHAFER, WU, AND ZEGELING100
cycle of order three. A natural consequence of the numerical work, which
 .we shall not discuss in detail, is that for all a, b g R, we found that at
 .most one cusp appears in the bifurcation curve s h . This implies the
following:
 .CONJECTURE 3.1. If a, b g R, then the bifurcation set for semistable
 .  .limit cycles in the m, d plane given by 2.1 has at most one cusp. If it has
 .no respectively, one cusp, then the perturbed system has at most two
 .resp., three limit cycles created from the periodic orbits surrounding
 .  .O 0, 0 in 1.1 .
 .Remark. A priori the quantity 2.1 could be undefined without a cusp
appearing in the bifurcation curve. This would correspond to a multiple
limit cycle of even order greater than two. Such a situation would
be immediately apparent in the computations leading to diagrams like
Fig. 2.1. Since this did not happen, our numerical calculations give evi-
dence that this phenomenon does not occur.
Under the assumption of the validity of Conjecture 3.1, the question is
 .that of explaining the change in the number of cusps when a, b is
changed. The only possibility is that the cusp disappears into the endpoints
 .h s 0 and h s h* for certain values of a, b . The disappearance of the
 .cusp in the h s h* endpoint of 2.1 is well understood, for it corresponds
to the bifurcation from a third order fine focus, which according to
 .Proposition 2.2 can appear only if 3a q 5b q 2 s 0. Thus 3.1a defines a
 .natural way one of the two boundaries of the region in the a, b plane for
which a cusp appears. Thus far no one has succeeded in determining the
other boundary, corresponding to the disappearance of the cusp into the
endpoint h s 0, from first principles, and it is questionable that it is even
possible to do so; thus it has been our goal to determine it numerically.
 . w xThis boundary curve in its entirety in the a, b plane is termed in 9 the
``winding curve'' of separatrix cycles of order three. It is clear that for
 .a, b values on this curve, at least three limit cycles can be created from
 .  .the branch of the hyperbola 1.2 surrounding O 0, 0 . The detection ofhs0
this winding curve is easy with the approach we have chosen. After forming
 .  .a grid of a, b values in R, the computer program checks for each a, b
 .value whether or not a cusp appears in 2.1 . The winding curve is then
 .simply the curve dividing the region of a, b values with a cusp from the
 .region of a, b values for which no cusp appears. By choosing the grid fine
enough, the winding curve can be found as accurately as desired.
 .  .THEOREM 3.2. For a grid size of Da, Db s 0.01, 0.01 , the winding
cur¨ e C of cyclicity-three separatrix connections is as shown in Fig. 3.2.3
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FIGURE 3.2
 .  .Note that the curve C is connected to the points a, b s y4, 2 and3
 .  .a, b s y2, 0 . The former point corresponds to a point of intersection
of QNH with Q , codimension-four centers, and is in line with theoretical3 4
considerations. At the latter point, which corresponds to the isochronous
center S , the numerical calculations suggest that the winding curve has a2
tangential contact with the a-axis.
4. BEHAVIOR OF BIFURCATION SETS NEAR THE
BOUNDARY OF R
 .  .The bifurcation curve s h for semistable limit cycles 2.1 could degen-
 .  .  .  .erate into a point if the three integrals I h , I h , and I h in 1.5 were1 2 3
linearly dependent. While this cannot happen in the region R itself, we
now demonstrate its occurrence on a portion of the boundary. To do so,
we apply Green's theorem to the original double integral which defines
 .  w x.  .  .  .I h see 6 , so that I h , I h , and I h are expressed as contour1 2 3
 .integrals. Recalling that G h denotes the unperturbed periodic orbit in
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 .level h, these expressions are suppressing explicit mention of h :
< < ay1 < < ay1 2 < < ay1I s x y dy I s xy y dy I s y x y dx.H H H1 1 1 2 1 1 1 3 1
G G G
4.1 .
Now define:
p , q p q < < ay1 p , q p q < < ay1I [ x y y dx and I [ x y y dy , 4.2 .H Hx 1 1 y 1 1 11
G G
 p q < < ay1.and observe first that H d x y y s 0 is expressible in terms of theG 1 1
 .integrals in 4.2 as
pI py1, q q q q a y 1 I p , qy1 s 0. 4.3 .  .x y1
 .Next we use the fact that the curves G h over which the integration is
 .performed are solutions of the unperturbed system 1.1 . Since we work
1  .with the variable y s y y , system 1.1 has the form1 2
b y 2
2 2y2 xy dx s ax q by q b y 1 y q dy . 4.4 .  .1 1 1 1 /4
p q < < ay1  .Multiplying both sides by x y y and integrating over G h , we find1 1
that
b y 2
pq1, qq1 pq2, q p , qq2 p , qq1 p , qy2 I s aI q bI q b y 1 I q I , .x y y y y1 1 1 14
 .which upon application of 4.3 becomes
2 q y ap b y 2
pq2, q p , qq2 p , qq1 p , qI s bI q b y 1 I q I . 4.5 .  .y y y y1 1 1 1p q 2 4
 .Now from 4.3 we have that
1 y a
2, 0 3, y1I s I , 4.6 .x y13
 .while from 4.5 we have
a q 2 b y 2
3, y1 1, 1 1, 0 1, y1y I s bI q b y 1 I q I . 4.7 .  .y y y y1 1 1 13 4
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1, y1  .  .Along b s 2 the extraneous integral I drops out, and 4.6 and 4.7y1
combine to express I 3, y1 as a linear combination of I 1, 0 and I 1, 1. Thus:y y y1 1 1
 .  .  .PROPOSITION 4.1. If b s 2 in 1.1 , then the integrals I h , I h , and1 2
 .  .I h in 1.6 are linearly dependent.3
Remark. It follows from Proposition 4.1 that if b s 2 then there is a
 .  .  .unique value m, d s m*, d * such that 2.1 is satisfied. In order to
establish the number of limit cycles created from the unperturbed system
 .for this choice of m, d , higher order terms in e have to be considered.
 .Our results for centers near b s 2 in the a, b plane give a lower bound
of two limit cycles for the bifurcation in this direction.
While it is clear that on the curve b s 2 any bifurcation set for
semi-stable limit cycles is but a point, the mechanism for its transforma-
 .tion from a curve when it exists into a point is not well understood, and
numerical methods must be employed to get information. Figure 4.1
 .indicates a numerical study of how the bifurcation curve s h for
  ..  .semistable limit cycles given by 2.1 degenerates as a, b g R is allowed
to approach the boundary b s 2: it is a compact set which simply shrinks
to a point. For an approach to b s 2 from other regions in parameter
 .space, however, the transformation cannot be so simple, since s h is not
 .necessarily a compact set. Note further in Fig. 4.1 that for all a, b with
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b - 2 a semistable cycle exists. This implies that in a higher order
 .bifurcation in e involving a and b as well as m and d at least two limit
 .cycles can be created from the unperturbed system 1.1 with b s 2 in the
direction defined by
2 a y 1 .
m s m* [ , d s d * [ 0. 4.10 .
a q 2
 .  .Expression 4.10 follows from taking the limit b­2 in 2.3 .
 .5. NESTS OF LIMIT CYCLES IN SYSTEM 1.5
In this section we consider the simultaneous bifurcation of limit cycles
 .from the period annulus surrounding O 0, 0 and the period annulus
 .  .  .surrounding A 0, 1rb in 1.1 . For fixed a, b the results of the preceding
sections give information about the bifurcation of limit cycles surrounding
O. The following lemma enables us to use these results to obtain informa-
tion about the bifurcation of limit cycles surrounding A. It is proved by
appropriate choice of affine transformation which will move the coordi-
 .nate system to A, yet keep the form of 1.5 , followed by suitable
rescalings.
LEMMA 5.1. The bifurcation set for semistable limit cycles surrounding
 .  .  .  .A 0, 1rb in system 1.5 , for fixed a, b g R, in the m, d plane, satisfies:
2
m s g* h s y 1 g h .  . .  .a , b a , 2yb /b
5.1 .
1
d s f * h s yf h y g h .  .  . .  .  .a , b a , 2yb a , 2ybb
 .  .  .where g h and f h are defined by 2.1 .a, b. a, b.
 .  .The bifurcation curves 2.1 and 5.1 are boundaries of regions in the
 .m, d plane where more than one limit cycle can appear surrounding
 .  .O 0, 0 and A 0, 1rb , respectively. The numerical work to be described
next leads to the following result:
 .THEOREM 5.2 Numerical . The only configurations of limit cycles in
quadratic systems which can be obtained by bifurcation from the periodic
 .  .  .  .  .  .  .orbits of the class of systems 1.1 are: 0, 0 , 0, 1 , 0, 2 , 0, 3 , 1, 1 , 1, 2 ,
 .and 1, 3 .
That these distributions actually exist in quadratic systems has been
w xproved in several papers; see for example 1 .
In Fig. 5.1 we illustrate a typical case for the nature and relative
 .  .positions of the two bifurcation sets 2.1 and 5.1 for semistable limit
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cycles. An important feature of Fig. 5.1 is that for this particular choice
 .  .a, b s y3, 1 , each bifurcation set has a cusp, hence for each of the two
centers there is the possibility of bifurcating three limit cycles from the
corresponding period annulus. That is, each period annulus has cyclicity
three, and this is precisely the reason that the region R was singled out
for study. Indeed, there is reason to believe that this is the only situation in
quadratic systems in which there is coexistence of cyclicity-three period
annuli. However, in the example illustrated by Fig. 5.1, the simultaneous
bifurcation of more than four limit cycles is impossible, because the two
 .  .bifurcation sets 2.1 and 5.1 have no intersection points.
To establish that the intersection is empty in general, we first recall that
w xin 8 the non-intersection of the two bifurcation curves was proved
analytically for a F 4 by means of Lienard equations. We next remark thatÂ
the region 1 F b - 2 gives the same result as 0 - b F 1, because of the
 .  .dual relation between the bifurcation sets 2.1 and 5.1 , namely that the
 .bifurcation set for O respectively, A for 1 F b - 2 is related to that of A
 .resp., O for 0 - b F 1 through a non-singular linear transformation. We
may thus restrict attention to the bounded set R9 defined by 0 F b F 1,
y4 - a - y2. Letting d 1 denote the smallest d-value of the bifurcationmin
 .  . 2set 2.1 for semistable limit cycles surrounding O 0, 0 and d denotemax
 .the largest d-value of the bifurcation set 5.1 for semistable limit cycles
 .surrounding A 0, 1rb , on R9 numerical computations place the vertical
 1 2 . .distance d y d a, b between the two cusps in the intervalmin max
 .0.24008D q 01, 0.10269D q 04 . This is generally on the order of about
102 larger than the bifurcation set in each case, and always far above zero,
so no intersection occurs for these pairs.
Remark. For fixed a, the minimum value of the distance function is
w xobtained for b s 1. In 8 it was proved analytically that Theorem 5.2 holds
for b s 1. Numerical results show that for b - 1 the two bifurcation sets
 .move away from each other in the m, d plane, strengthening the case for
empty intersection everywhere.
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